Covariant Gravitational Equations on Brane World with Gauss-Bonnet term by Maeda, Kei-ichi & Torii, Takashi
ar
X
iv
:h
ep
-th
/0
30
91
52
v1
  1
6 
Se
p 
20
03
Covariant Gravitational Equations on Brane World with Gauss-Bonnet term
Kei-ichi Maeda1,2,3, and Takashi Torii2
1Department of Physics, Waseda University, Shinjuku, Tokyo 169-8555, Japan
2 Advanced Research Institute for Science and Engineering, Waseda University, Shinjuku, Tokyo 169-8555, Japan
3 Waseda Institute for Astrophysics, Waseda University, Shinjuku, Tokyo 169-8555, Japan
(October 29, 2018)
We present the covariant gravitational equations to describe a four-dimensional brane world in
the case with the Gauss-Bonnet term in a bulk spacetime, assuming that gravity is confined on the
Z2 symmetric brane. It contains some components of five-dimensional Weyl curvature (Eµν) which
describes all effects from the bulk spacetime just as in the case of the Randall-Sundrum second
model. Applying this formalism to cosmology, we derive the generalized Friedmann equation and
calculate the Weyl curvature term, which is directly obtained from a black hole solution.
I. INTRODUCTION
A brane is now one of the most important ideas in particle physics [1]. It may provide us a new solution for the
so-called hierarchy problem and a new mechanism for compactification of extra dimensions. Since the fundamental
scale could be TeV in some models [2], a gravitational effect is not ignored even at much lower energy scale than the
Planck mass. For example, a black hole formation in the next generation particle collider could be observed [3]. It
should be also stressed that we could come across the first experimental evidence of quantum gravity. It may also
change our view of the universe: we live in a 4-dimensional (4-D) hypersurface embedded in a higher-dimensional
bulk spacetime [4]. By these reasons, the brane world scenarios attract many attention.
Among many brane models, ones proposed by Randall and Sundrum are very important [5,6]. They are motivated
by superstring/M-theory, i.e., the orbifold compactification of higher-dimensional string theory by the dimensional
reduction of 11-dimensional supergravity in R10 × S1/Z2 [7]. The standard-model particles are confined in a 4-D
brane world while gravity accesses extra dimensions like a string/D-brane system. In their first model (RS I) [5], they
proposed a mechanism to solve the hierarchy problem with two branes, whereas in their second model (RS II) [6], they
considered a single brane with a positive tension, where 4-D Newtonian gravity is recovered at low energies even if
the extra dimension is not compact. This mechanism provides us an alternative compactification of extra dimensions.
However, those models may inevitably expect a singular spacetime just as in general relativity, although they are
based on a string theory. In fact, Maldacena and Nunez showed no-go theorem [8], which states that there are no
non-singular warped compactifications in a large class of supergravity theories including 11-dimensional supergravity,
IIB, IIA and massive IIA. One of the ways to evade this argument is adding the higher curvature corrections to
the bulk Lagrangian. The higher curvature terms naturally arise as a next leading order of the α′-expansion of a
superstring theory [9]. One may expect that they are described by the so-called Gauss-Bonnet combination, which
is shown to be a ghost-free combination [10]. It also plays a fundamental role in Chern-Simon theories [11]. It was
shown that the graviton zero mode is localized at law energies in the Gauss-Bonnet brane system as in the RS II
model [12–14] and that the correction of the Newton’s law becomes milder by including the Gauss-Bonnet term [15].
As for cosmology with a brane world, there has been a lot of works over the last several years [16–18]. In particular,
based on the RS II brane model, which is one of most popular ones, some interesting properties such as “dark
radiation” or quadratic density term in the Friedmann equation have been found, assuming a simple bulk metric
[18]. Since gravity is confined on a brane, the induced metric describes gravity on a brane. Hence the geometrical
reduction gives a covariant form of the basic equations for brane gravity [19–22]. Applying this formalism, we find
the Friedmann equation easily.
As we discussed above, since including the Gauss-Bonnet term is important, such models are also extensively
studied [23–28]. Many authors so far studied mainly in the contexts of a resolution of initial singularity, inflation
and a self-tuning mechanism of cosmological constant. In these analysis, a simple bulk metric is assumed just as in
Ref. [18].
In order to understand those problems further, it may be convenient for us to extend the covariant gravitational
equations on a brane to the case with the Gauss-Bonnet term. This is the purpose of the present paper. To find
such equations, we first have to prove a consistency with a thin-wall ansatz. When we have a system with quadratic
curvature terms in a bulk spacetime, we will be soon faced with an obstacle. In general, we expect terms such as
(£nKAB )
2 in the field equations, where KAB is the extrinsic curvature of a brane. If a brane is an infinitely thin
singular wall, which could be described by the δ-function, the extrinsic curvature must have a jump at a brane.
However, if £nKAB is proportional to the δ-function, a term of (£nKAB )
2 makes troubles because it gives a square
1
of the δ-function. The reason for this breakdown is our thin-wall ansatz. We have to find other relevant junction
condition which may require information about an internal structure of a brane, that is, we have to discuss a thick
brane model. The basic equations may not be described only by a geometric reduction.
In the case with the Gauss-Bonnet term, however, the situation changes completely. The basic equations show a
quasi-linear property pointed out by Deruelle and Madore [29], which guarantees a thin-wall ansatz because it contains
only linear terms of £nKAB . Using this fact, some authors derived the generalized Friedmann equation with a simple
bulk metric. With this fact, here we derive the covariant gravitational equations on a brane in the case with the
Gauss-Bonnet term. The basic equations are described by 4-D brane variables except for the 5-dimensional (5-D)
Weyl curvature tensor Eµν . Although our system is not closed because of the existence of Eµν , for a cosmological
setting, we recover the generalized Friedmann equation which contains one integration constant and then it gives a
closed form just as in the case of Ref. [19]. This generalized Friedmann equation is the same as that obtained by
the previous authors [30]. In this formulation, we need not to assume any functional form for the brane action. We
can add any curvature terms in four dimensions, which may be induced by quantum effects of matter fields. These
brane-induced gravity models were investigated mainly in the cosmological aspect [31–34].
In Sec. II, we derive the covariant gravitational equations on a brane, applying it to cosmological model in Sec. III.
We obtain the generalized Friedmann equation, which is given by a cubic equation with respect to the Hubble
parameter square H2. Conclusions and remarks follow in Sec. IV.
II. THE EFFECTIVE GRAVITATIONAL EQUATIONS
We consider a 5-D bulk spacetime with a single 4-D brane world, on which gravity is confined. We assume the 5-D
bulk spacetime (M, gAB), whose coordinates are XA (A = 0, 1, 2, 3, 5), is described by the Einstein-Gauss-Bonnet
action:
Sbulk =
∫
M
d5X
√−g
[
1
2κ25
(R+ αLGB) + Lm
]
, (2.1)
where
LGB = R2 − 4RABRAB +RABCDRABCD. (2.2)
κ25 is the 5-D gravitational constant, R, RAB , RABCD and Lm are the 5-D scalar curvature, Ricci tensor, Riemann
curvature and the matter Lagrangian in the bulk, respectively. α is a coupling constant. The 4-D brane world (B, hµν)
is located at a hypersurface (Σ(XA) = 0) in the 5-D bulk spacetime and the induced 4-D metric hµν is defined by
hAB = gAB − nAnB, (2.3)
where nA is the spacelike unit-vector field normal to the brane hypersurface B. The action is assumed to be given by
the most generic action:
Sbrane =
∫
B
d4x
√−h [Lsurface + Lbrane(hαβ , ψ)] , (2.4)
where xµ (µ = 0, 1, 2, 3) are the induced 4-D coordinates on the brane,
Lsurface =
1
κ25
[K + 2α(J − 2GρσKρσ)] (2.5)
is the surface term [35–37], and Lbrane(hαβ , ψ) is the effective 4-D Lagrangian, which is given by a generic functional of
the brane metric hαβ and matter fields ψ. Kµν(= h
A
µh
B
ν∇AnB), K, J and Gρσ in the surface term are the extrinsic
curvature of B, its trace, its cubic combination defined later, and the Einstein tensor of the induced metric hµν ,
respectively.
The total action (S = Sbulk + Sbrane) gives our basic equations as
GAB + αHAB = κ25 [ TAB + τAB δ(Σ) ] , (2.6)
where
2
GAB = RAB − 1
2
gABR, (2.7)
HAB = 2
[RRAB − 2RACRCB − 2RCDRACBD +R CDEA RBCDE]− 12gABLGB, (2.8)
and
TAB ≡ −2 δLm
δgAB
+ gABLm (2.9)
is the energy-momentum tensor of bulk matter fields, while τµν is the “effective” energy-momentum tensor localized
on the brane which is defined by
τµν ≡ −2δLbrane
δhµν
+ hµνLbrane . (2.10)
The δ(Σ) denotes the localization of brane contributions. It is worth noting that τµν may include curvature contri-
butions from induced gravity [31,21]. In that term, we can also include “non-local” contributions such as a trace
anomaly [33,34], although those contributions are not directly derived from the effective Lagrangian Lbrane.
The basic equations in the brane world are obtained by projecting the variables onto the brane world because we
assume that the gravity on the brane is confined. We then project the 5-D Riemann tensor onto the brane spacetime
as
RMNRS hMA hNB hRC hSD = RABCD −KACKBD +KADKBC , (2.11)
RMNRS hMA hNB hRC nS = 2D[AKB]C , (2.12)
RMNRS hMA hRC nN nS = −£nKAC +KAB KBC , (2.13)
where RABCD is the Riemann tensor of the induced metric hMN , DM is the covariant differentiation with respect to
hMN , and £n denotes the Lie derivative in the n-direction. The first equation is called the Gauss equation. Using
this projection, the 5-D Riemann curvature and its contractions (the Ricci tensor and scalar curvature) are described
by the 4-D variables on the brane with the normal nM as
RMNRS = RMNRS −KMRKNS +KMSKNR − nMDRKNS + nMDSKRN + nNDRKSM − nNDSKRM
−nRDMKNS + nRDNKMS + nSDMKNR − nSDNKMR
+nMnRKNCK
C
S − nMnSKNCKCR − nNnRKMCKCS + nNnSKMCKCR
−nMnR£nKNS + nMnS£nKNR + nNnR£nKMS − nNnS£nKMR, (2.14)
RMN = RMN −KKMN + 2KMCKCN + nM
(
DCK
C
N −DNK
)
+ nN
(
DCK
C
M −DMK
)
+nMnNKCDK
CD −£nKMN − nMnNhCD£nKCD, (2.15)
R = R −K2 + 3KCDKCD − 2hCD£nKCD. (2.16)
As was shown by Deruelle and Madore [29], the Einstein-Gauss-Bonnet equation is quasi-linear, which means that
apart from non-singular terms given by the 4-dimensional variables, it contains only linear terms of £nKAB but no
quadratic terms appear. In fact, inserting these relations into the basic equation (2.8), we find the effective equations
on the brane as
Mµν − 1
2
Mhµν +KµρK
ρ
ν − hµνKαβKαβ −£nKµν + hµνhρσ£nKρσ
+ 2α
(
Hµν −M£nKµν + 2M ρµ £nKρν + 2M ρν £nKρµ +W ρσµν £nKρσ
)
= κ25
[TMNhMµhNν + τµνδ(Σ)] , (2.17)
Nµ + 2α
(
MNµ − 2M ρµ Nρ + 2MρσNµρσ −M νρσµ Nρσν
)
= κ25TMNnNhMµ , (2.18)
M + α
(
M2 − 4MαβMαβ +MαβγδMαβγδ
)
= −2κ25TMNnMnN , (2.19)
where
Mαβγδ = Rαβγδ −KαγKβδ +KαδKβγ ,
Mαβ = h
ρσMαρβσ = Rαβ −KKαβ +KαγKγβ ,
M = hαβMαβ = R−K2 +KαβKαβ, (2.20)
3
Nµνρ = DµKνρ −DνKµρ,
Nµ = h
ρσNρµσ = DνK
ν
µ −DµK, (2.21)
Hµν =MMµν − 2(MµρMρν +MρσMµρνσ) +MµρσκM ρσκν + 2KαβKαβMµν +MKµρKρν
−2(KµρKρσMσν +KνρKρσMσµ)− 2KρκK σκ Mµρνσ − 2 [NµNν −Nρ(Nρνµ +Nρµν)]
+NρσµN
ρσ
ν + 2NµρσN
ρσ
ν −
1
4
hµν
[
M2 − 4MαβMαβ +MαβγδMαβγδ
]
+hµν
[−KαβKαβM + 2MαβKαγK βγ + 2NαNα −NαβγNαβγ] , (2.22)
W ρσµν =Mhµνh
ρσ − 2Mµνhρσ − 2hµνMρσ + 2Mµανβhαρhβσ . (2.23)
Note that the linear terms of £nKCD appear only in Eq. (2.17) but not in Eqs. (2.18) and (2.19). This is consistent
with our ansatz that contribution from a brane is given by Eq. (2.10) because its contraction by nA vanishes.
The singular behavior in 5-D bulk spacetime appears in the 5-D gravitational equations (2.6) as the δ-function. Then,
£nKCD has the δ-functional singularity to balance to the energy-momentum tensor of the brane world. Integrating
Eq. (2.17) in the n-direction, we obtain the generalized Israel’s junction condition [38,39];
[Kµν ]± − hµν [K]± + 2α
(
3[Jµν ]± − hµν [J ]± − 2Pµρνσ [Kρσ]±
)
= −κ25τµν , (2.24)
where
Jµν =
1
3
(
2KKµρK
ρ
ν +KρσK
ρσKµν − 2KµρKρσKσν −K2Kµν
)
(2.25)
Pµνρσ = Rµνρσ + 2hµ[σRρ]ν + 2hν[ρRσ]µ +Rhµ[ρhσ]ν . (2.26)
We have introduced
[X ]± ≡ X+ −X−, (2.27)
where X± are X ’s evaluated either on the + or − side of the brane and Pµνρσ is the divergence free part of the
Riemann tensor, i.e.
DµP
µ
νρσ = 0. (2.28)
Because of the Z2-symmetry, we have
K+µν = −K−µν , (2.29)
then the extrinsic curvature of the brane is uniquely determined by the junction condition as
Bµν = −κ
2
5
2
τµν , (2.30)
where
Bµν ≡ Kµν −Khµν + 2α (3Jµν − Jhµν − 2PµρνσKρσ) . (2.31)
In what follows, we omit the indices ± below for brevity.
The above quasi-linearity guarantees the ansatz of an infinitely thin brane. The obtained equations for induced
metric is described by geometrical quantities and does not depend on microphysics of the brane. This situation
will be changed when we discuss other curvature-squared terms. On the other hand, if we include the Lovelock
Lagrangian which is higher than Gauss-Bonnet one but does not contain higher-derivatives, we can assume that a
brane is infinitely thin because it is also quasi-linear and then extend the present approach.
In order to find the effective equations on the brane, we have to replace the terms of £nKµν in Eq. (2.17) with the
4-D variables on the brane. The singular part in Eq. (2.17) has been evaluated by the junction condition. Hence we
have to evaluate £nKµν either on the + or − side of the brane, which is nonsingular. From Eqs. (2.13), (2.15) and
(2.16) with the decomposition of the Riemann tensor as
RABCD = 2
3
(
gA[CRD]B − gB[CRD]A
)− 1
6
gA[CgD]BR+ CABCD , (2.32)
4
where CMRNS is the 5-D Weyl curvature, we find
£nKµν − 1
4
hµνh
αβ
£nKαβ = −3
2
Eµν − 1
2
(
Mµν − 1
4
hµνM
)
+KµρK
ρ
ν −
1
4
hµνKρσK
ρσ , (2.33)
where
Eµν ≡ CMRNS nMnNhRµ hSν . (2.34)
However, because Eq. (2.33) is a trace free equation, we cannot fix £nKµν by Eq. (2.33). We have to find h
αβ
£nKαβ
from other independent equation. We shall take a trace of our basic equation (2.6), finding
3R+ αLGB = −2κ25T . (2.35)
Inserting Eqs. (2.11)-(2.13) with Eq. (2.33) into Eq. (2.35), we find
hαβ£nKαβ =
M
2
+KαβK
αβ +
κ25
3 + αM
T + α
2(3 + αM)
I, (2.36)
where
I =M2 − 8MαβMαβ +MαβγδMαβγδ − 8NρNρ + 4NρσκNρσκ − 12MρσEρσ . (2.37)
From Eq. (2.33) with Eq. (2.36), we then find
£nKµν = −3
2
Eµν − 1
2
(
Mµν − 1
2
Mhµν
)
+KµρK
ρ
ν +
κ25
4(3 + αM)
T hµν + α
8(3 + αM)
Ihµν . (2.38)
Inserting Eq. (2.38) into Eq. (2.17), we obtain the effective gravitational equations on the brane as
3
2
(Mµν + Eµν)− 1
4
Mhµν + α
[
H(1)µν +H
(2)
µν +H
(3)
µν
]
− α
2I
2(3 + αM)
(
Mµν − 1
4
Mhµν
)
= κ25
[
TMNhMµhNν −
1
4
hµνT + α
3 + αM
(
Mµν − 1
4
Mhµν
)
T
]
, (2.39)
where
H(1)µν = 2MµαβγM
αβγ
ν − 6MρσMµρνσ + 4MMµν − 8MµρM ρν −
1
8
hµν
(
7M2 − 24MαβMαβ + 3MαβγδMαβγδ
)
,
H(2)µν = −6
(
MµρE
ρ
ν +MνρE
ρ
µ +MµρνσE
ρσ
)
+
9
2
hµνMρσE
ρσ + 3MEµν ,
H(3)µν = −4NµNν + 4Nρ (Nρµν +Nρνµ) + 2NρσµNρσν + 4NµρσN ρσν + 3hµν
(
NαN
α − 1
2
NαβγN
αβγ
)
. (2.40)
Eq. (2.19) is automatically satisfied when we take a trace of Eq. (2.39), which means that it is not independent.
We have then two basic equations (2.39) and (2.18). Eq. (2.18) is rewritten as
Dν
[
K νµ −Kδ νµ + 2α(3J νµ − Jδ νµ − 2P ρνσµ Kρσ)
]
= κ25TMNhMµ nN , (2.41)
which gives the constraint on the brane matter fields through the junction condition (2.30), i.e.
Dντ
ν
µ = −2TMNhMµ nN . (2.42)
If there is no energy-momentum transfer from the bulk, we find the energy-momentum conservation of brane matter
fields as
Dντ
ν
µ = 0 . (2.43)
In Eq. (2.39), we have so far three unknown variables; TAB , Eµν , and Kµν . The first two variables are described
by bulk information, whereas the extrinsic curvature Kµν is related to the brane “energy-momentum” tensor τµν as
5
Eq. (2.30). Hence Eqs. (2.30) and (2.39) with the energy momentum conservation (2.43) give the effective gravity
theory on the brane.
It may be better to rewrite Eq. (2.39) to the Einstein-type equations with “correction” terms. From Eqs. (2.19)
and (2.39), we find
Gµν + Eµν −KKµν +KµρKρν +
1
2
(
K2 −KαβKαβ
)
hµν + α
(
Hˆ(1)µν + Hˆ
(2)
µν + Hˆ
(3)
µν
)
=
2κ25
3
{[
TMNhMµhNν +
(
TMNnMnN − 1
4
T MM
)
hMµν
]
+
α
3 + αM
(
Mµν − 1
4
Mhµν
)
TMNhMN
}
, (2.44)
where
Hˆ(1)µν =
4
3
(
MµαβγM
αβγ
ν − 3MρσMµρνσ + 2MMµν − 4MµρM ρν
)− 1
12
hµν
(
11M2 − 40MαβMαβ + 7MαβγδMαβγδ
)
− α
3(3 + αM)
(
Mµν − 1
4
Mhµν
)(
M2 − 8MαβMαβ +MαβγδMαβγδ
)
,
Hˆ(2)µν = −4
(
MµρE
ρ
ν +MνρE
ρ
µ +MµρνσE
ρσ
)
+ 3hµνMρσE
ρσ + 2MEµν +
4α
3 + αM
(
Mµν − 1
4
Mhµν
)
MρσE
ρσ ,
Hˆ(3)µν =
8
3
[
−NµNν +Nρ (Nρµν +Nρνµ) + 1
2
NρσµN
ρσ
ν +NµρσN
ρσ
ν
]
+
[
2hµν +
8α
3(3 + αM)
(
Mµν − 1
4
Mhµν
)](
NαN
α − 1
2
NαβγN
αβγ
)
. (2.45)
As for the junction condition, we find
Kµν +
2α
3
[
9Jµν − 2Jhµν − 2 (3Pµρνσ + hµνGρσ)Kρσ
]
= −κ
2
5
2
(
τµν − 1
3
τhµν
)
. (2.46)
If α = 0, we find two equations:
Gµν + Eµν −KKµν +KµρKρν +
1
2
(
K2 −KαβKαβ
)
hµν
=
2κ25
3
[
TMNhMµhNν +
(
TMNnMnN − 1
4
T MM
)
hMµν
]
, (2.47)
Kµν = −κ
2
5
2
(
τµν − 1
3
τhµν
)
, (2.48)
which are exactly the same as those found in Ref. [19], which gives the Einstein gravitational theory in the 4-D brane
world. However, if the Gauss-Bonnet term appears, gravitational interaction on the brane will be modified in the
effective theory.
The gravity on the brane is described by Eq. (2.39) with Eq. (2.30), or equivalently by Eq. (2.44) with Eq. (2.46).
Just as the case of the RS II model, this system is not closed because of appearance of the terms with Eµν , which is
some component of the 5-D Weyl curvature. Although we have to solve a bulk spacetime as well as a brane world,
we know that any contribution from a bulk spacetime to a brane world is described only by the tidal force Eµν .
Although the above form (2.39) or (2.44) is good enough to describe our basic equations, it is sometimes convenient
to divide Eq. (2.39) into two parts; its trace and the trace free equation. Introducing trace free variables as
M˜µν =Mµν − 1
4
Mhµν ,
Lµνρσ =Mµνρσ + hµ[σM˜ρ]ν + hν[ρM˜σ]µ − 1
6
Mhµ[ρhσ]ν , (2.49)
we find
M + α
(
1
6
M2 − 2M˜αβM˜αβ + LαβγδLαβγδ
)
= −2κ25TMNnMnN , (2.50)
3
2
(
M˜µν + Eµν
)
+ α
[
H¯(1)µν + H¯
(2)
µν + H¯
(3)
µν
]
= κ25
[
TMNhMµhNν −
1
4
hµνTMNhMN + α
3 + αM
M˜µνTMNhMN
]
, (2.51)
6
where
H¯(1)µν = 2
(
LµαβγL
αβγ
ν − M˜αβLµανβ − M˜ αµ M˜αν
)
− 3− αM
6(3 + αM)
MM˜µν +
2α
3 + αM
M˜αβM˜
αβM˜µν
−1
2
hµν
(
LαβγδL
αβγδ − M˜αβM˜αβ
)
,
H¯(2)µν = −3
(
M˜µρE
ρ
ν + M˜νρE
ρ
µ + 2LµρνσE
ρσ
)
+
3
2
hµνM˜ρσE
ρσ +
1
2
MEµν +
6α
3 + αM
M˜ρσE
ρσM˜µν ,
H¯(3)µν = −4NµNν + 4Nρ (Nρµν +Nρνµ) + 2NρσµNρσν + 4NµρσN ρσν + 3hµν
(
NαN
α − 1
2
NαβγN
αβγ
)
+
4α
3 + αM
(
NαN
α − 1
2
NαβγN
αβγ
)
M˜µν . (2.52)
The junction condition (2.30) is also decomposed into two parts:
B ≡ Bµµ
= −3K + α
(
4M˜ρσK˜
ρσ −KM − 1
2
K3 + 2KK˜ρσK˜
ρσ − 8
3
K˜ρσK˜
σ
κK˜
κ
ρ
)
= −κ
2
5
2
τ, (2.53)
B˜µν ≡ Bµν − 1
4
Bhµν
= K˜µν − 12αJ˜µν − α
[
4LµρνσK˜
ρσ + 2K˜ ρµ M˜ρν + 2K˜
ρ
ν M˜ρµ − hµνK˜ρσM˜ρσ −KM˜µν −
1
3
MK˜µν
]
= −κ
2
5
2
(
τµν − 1
4
τhµν
)
, (2.54)
where
K˜µν = Kµν − 1
4
Khµν ,
J˜µν = Jµν − 1
4
Jhµν
=
1
3
[
−2K˜µρK˜ρσK˜σν + 1
2
KK˜µρK˜
ρ
ν + K˜µν
(
K˜ρσK˜
ρσ − 1
8
K2
)
+
1
2
hµν
(
K˜αβK˜
β
γK˜
γ
α −
1
4
KK˜ρσK˜
ρσ
)]
. (2.55)
In this decomposition, our basic equations are (2.50) and (2.51) with the junction conditions (2.53) and (2.54). This
form may be better to describe some symmetric spacetime such as the Friedmann-Robertson-Walker (FRW) universe,
which we shall study next.
III. FRIEDMANN EQUATION
We apply the present reduction to the FRW cosmology. We assume spacetime as
ds2 = −dt2 + a2(t) γij dxidxj , (3.1)
where γij denotes the metric of maximally symmetric 3-dimensional space. This gives
R00 = 3(X + Y ), R
i
j = (Y + 3X)δ
i
j ,
R0i0j = (X + Y )δ
i
j , R
ij
kl = X
(
δikδ
j
l − δilδjk
)
,
P 0i0j = Xδ
i
j , P
ij
kl = (X + Y )
(
δikδ
j
l − δilδjk
)
, (3.2)
where
7
X ≡ H2 + k
a2
, Y ≡ H˙ − k
a2
. (3.3)
We assume that only a cosmological constant exists in the bulk, i.e.,
κ25TMN = −ΛgMN . (3.4)
From the symmetry of FRW spacetime, we can set
Kµν =
(
K00,Kδij
)
, (3.5)
Eµν = E
0
0
(
1,−1
3
δij
)
. (3.6)
We note that Eµν is trace free. We then write down the basic equations (2.50) and (2.51) as
2X¯ + Y¯ + 4αX¯(X¯ + Y¯ ) =
Λ
3
, (3.7)
3Y¯ + 2E00 + α
(
H(1) +H(2)
)
= − 8αΛ
3 + αM
Y¯ , (3.8)
where
X¯ = X −K2,
Y¯ = Y −K00K +K2, (3.9)
M = 6(2X¯ + Y¯ ),
H(1) ≡ −2Y¯
[
2X¯ + 3Y¯ − α
3(3 + αM)
(
M2 + 18Y¯ 2
)]
,
H(2) ≡ 4
(
2X¯ − Y¯ + 6α
3 + αM
Y¯ 2
)
E00 . (3.10)
Here we have used the fact that Lµνρσ vanishes and
M˜µν =
3
2
Y¯
(
1,−1
3
δij
)
. (3.11)
We have also found that Nρ and Nαβγ vanish as will be shown below. The non-trivial components of Nρ and Nαβγ
are calculated as
N0 = −3N , N j0i = −N ji0 = N δ ji , (3.12)
where N ≡ K˙ −H(K00 −K), which gives the l.h.s. of Eq. (2.18) as
−3N (1 + 4αX¯) . (3.13)
Since the r.h.s. of Eq. (2.18) vanishes when only a cosmological constant appears in a bulk spacetime, we obtain
N = K˙ −H(K00 −K) = 0 , (3.14)
resulting that Nρ = Nαβγ = 0.
As for the junction condition (2.30), we first calculate Jµν as
J˜µν = −
1
2
K2(K00 −K)
(
1,−1
3
δij
)
,
J = −2K2 (3K00 +K) , (3.15)
and then obtain
B˜µν =
3
4
[
(K00 −K)(1 + 4αX¯ + 8αK2) + 8αKY¯
](
1,−1
3
δij
)
,
B = −3(K00 + 3K)− 4α
[
2K2(K + 3K00) + 3(K00 + 3K)X¯ + 6KY¯
]
. (3.16)
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The junction condition (2.30) gives two independent relations
K(1 + 4αX¯) + 8
3
αK3 = κ
2
5
6
τ00, (3.17)
(K00 −K)
[
1 + 4α(X¯ + 2K2)]+ 8αKY¯ = κ25
2
(τ11 − τ00) . (3.18)
We also find
˙¯X = 2HY¯ (3.19)
from Eq. (3.14) with X˙ = 2HY . We then recover the energy-momentum conservation law
τ˙00 + 3H(τ
0
0 − τ11) = 0 . (3.20)
from Eqs. (3.17) and (3.18).
Using Eq. (3.19) with Eq. (3.7), we obtain
˙¯X = 2H
(
1 + 4αX¯
)−1 [Λ
3
− 2X¯ (1 + 2αX¯)] , (3.21)
which is easily integrated as
X¯(1 + 2αX¯) =
Λ
6
+
C
a4
. (3.22)
where C is an integration constant.
If α = 0, we have
X¯ = X¯0(a) ≡ Λ
6
+
C
a4
. (3.23)
With Eq. (3.17) we find
X ≡ X¯0(a) +K2 = κ
4
5
36
(τ00)
2 +
Λ
6
+
C
a4
. (3.24)
Setting τ00 = −(λ+ρ), where λ is a positive tension of the brane and ρ is the energy density, we recover the well-known
equation in brane cosmology, i.e.
H2 +
k
a2
=
Λ4
3
+
8piG
3
ρ+
κ45
36
ρ2 +
E00
3
, (3.25)
where
Λ4 =
1
2
(
Λ +
κ45λ
2
6
)
, 8piG =
κ45
6
λ . (3.26)
We have used E00(= −3Y¯ /2) = 3C/a4, which is obtained from Eqs. (3.7), (3.8), and (3.23).
When α 6= 0, solving the above quadratic equation, we obtain
X¯ = X¯±(a) ≡ 1
4α
[
−1±
√
1 + 8αX¯0(a)
]
. (3.27)
Inserting K2 = X − X¯±(a) into the square of Eq. (3.17), we find
[
X − X¯±(a)
] [
1 +
8
3
αX +
4
3
αX¯±(a)
]2
=
κ45
36
(
τ00
)2
. (3.28)
This is generalization of Friedmann equation. If the brane contains only matter field including a tension, i.e. τ00 =
−(λ+ ρ), it is a cubic equation with respect to X = H2 + k/a2 [30,39]. When we have the Einstein-Hilbert action on
the brane such as an induced gravity [21,31], the generalized Friedmann equation becomes complicated, but it is still
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a cubic equation [30]. In the case with a trace anomaly, τ00 contains not only λ, ρ, and X , but also Y and Y˙ . As a
result, we have a very complicated equation.
The other independent equation (3.8) just gives the value of E00, i.e.
E00 = −
3
2
Y¯±(a)
[
1 +
8αY¯±(a)
3(1 + 4αX¯±(a))
]
, (3.29)
where
Y¯±(a) =
(
1 + 4αX¯±(a)
)−1 [Λ
3
− 2X¯±(a)
(
1 + 2αX¯±(a)
)]
= −2C (1 + 4αX¯±(a))−1 a−4 . (3.30)
This is the advantage in our description of the basic equations; (2.50) and (2.51). The former gives the generalized
Friedmann equation, while the latter is an algebraic equation for E00.
Because we have the Birkhoff-type theorem [42], the bulk spacetime is described by a “black hole” solution [40,41],
whose metric is
ds2 = −f(r)dt2 + f−1(r)dr2 + r2dΣ2k , (3.31)
where
f(r) = k +
r2
4α
(
1∓
√
1 +
4αΛ
3
+
16αµ
3r4
)
. (3.32)
A mass of a “black hole” is given by M = Ωkµ/κ
2
5, where Ωk is a volume of 3-dimensional space with a unit radius.
Calculating the curvature tensor, we find
E00 = C
01
01 = ±
µ
r4
(
1 +
4αΛ
3
+
16αµ
3r4
)− 3
2
(
1 +
4αΛ
3
+
16αµ
9r4
)
. (3.33)
Using Eq. (3.27), we find that Eq. (3.29) with Eq. (3.30) is the same as Eq. (3.33) with µ = 3C/2 and r = a.
Hence an integration constant C corresponds to a mass of a “black hole” just as in the RS II model. However “dark
radiation” E00 is not simply a radiation term but it depends complicatedly on a. The signature ± in Eq. (3.33)
corresponds to ± of X¯±.
Here we shortly summarize a global structure of the “black hole” solution (3.31). It has a singularity at r = 0 if
µ 6= 0 as
RABCDRABCD ≈ 4µ
αr4
. (3.34)
If 1 + 43αΛ > 0, the upper sign solution of (3.32) has an event horizon if k ≤ 0 or k = 1 and µ > 3α, while for the
lower sign case, a singularity becomes naked unless k = −1 and µ < 3α. For the case of 1 + 43αΛ < 0, r is bounded
from above as r ≤ rmax, where
rmax =
(
16αµ
3|1 + 43αΛ|
)1/4
. (3.35)
Although the equation f(r) = 0 has a positive root for some restricted conditions, there appears another singularity
at r = rmax. The curvature invariant diverges there as
RABCDRABCD ≈ µ
12αrmax (rmax − r)3
. (3.36)
Since this singularity is timelike and then naked, the above root does not mean an event horizon. There is no regular
asymptotic region.
Another important property of this solution is about stability. The lower branch solution in Eq. (3.32) turns out
to be unstable [40].
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With these basic equations, several authors analyzed the dynamics of the universe [30]. In this paper, assuming
the induced gravity model [21,31], we first find a condition for a Minkowski brane. In the induced gravity model [21],
we have
τ00 = −(λ+ ρ) + 3µ2X , (3.37)
where λ is a positive tension of a brane, ρ is the energy density on a brane, and µ is a mass scale in the induced
gravity, which is expected to be the Planck mass. If we set µ = 0, we find the model without induced gravity action
on the brane. In the Minkowski brane, X = Y = 0 and ρ = 0. From these conditions with Eqs. (3.18) and (3.30), we
show that C = 0. The real value condition for X¯ requires
1 +
4
3
αΛ > 0 . (3.38)
Inserting the conditions for the Minkowski brane with C = 0 into Eq. (3.28), we find
ακ45λ
2 = 1− 4αΛ ∓
(
1 +
4
3
αΛ
)3/2
. (3.39)
This is a tuning condition for zero cosmological constant on the brane. For the upper branch, when we take a limit
of α→ 0, we recover Λ + κ45λ2/6 = 0, which is the fine-tuning condition for the RS II model. Note that such a limit
does not exist for the lower branch, although we have the Minkowski brane in this branch. The condition (3.38) gives
the possible range for λ, that is,
0 ≤ ακ45λ2 < 4 for the upper branch ,
2 ≤ ακ45λ2 < 4 for the lower branch . (3.40)
A de Sitter brane (or anti de Sitter brane) is obtained if λ is larger (or smaller) than that given by Eq. (3.39).
Finally, we show an asymptotic Friedmann equation, by perturbing the Minkowski brane spacetime. Here we do
not impose the tuning condition (3.39). Setting X , ρ and C/a4 as small variables and expanding Eq. (3.28) up to
those first order terms, we find the conventional Friedmann equation with dark radiation as
H2 +
k
a2
=
Λ
(±)
4
3
+
8piG
(±)
N
3
ρ+
C(±)
a4
, (3.41)
where
Λ
(±)
4 =
ακ45λ
2 − 1 + 4αΛ± (1 + 43αΛ)3/2
12α
(
1− 49αΛ + 16κ45λµ2
) , (3.42)
8piG
(±)
N =
κ45
6
(
1− 49αΛ + 16κ45λµ2
) (λ− µ2Λ(±)4 ) , (3.43)
C(±) = C
3
(
1− 49αΛ + 16κ45λµ2
)
(
2±
√
1 +
4
3
αΛ +
8
3
αΛ
(±)
4
)
. (3.44)
Hence in both branches, we have recovered the conventional Friedmann universe in an asymptotic form, although the
lower branch is unstable [40]. The early stage of the universe may depend on the parameters as discussed in Ref. [30].
If 1 + 43αΛ < 0, the scale factor of the universe cannot be infinitely large. There is an upper bound as a < amax =
rmax. No Minkowski brane exists. If the scale factor approaches this value, the Weyl curvature (3.33) diverges, where
a singularity appears in a bulk black hole spacetime. Hence our universe evolves into a singularity although a scale
factor is finite. Even if the universe does not approach this singularity, the universe will get into trouble because it is
a naked singularity.
IV. CONCLUDING REMARKS
We have derived the covariant gravitational equations of a brane world model with the Gauss-Bonnet curvature-
squared term in a bulk spacetime. Although the obtained equations are very complicated, any effects from a bulk
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spacetime to a brane world are described only by the Weyl curvature (Eµν). The basic equations are not given in a
closed form because of this term.
Giving the energy-momentum tensor of the brane, which is shown to be conserved, the extrinsic curvature (Kµν)
of a brane satisfies a cubic matrix equation. Since it is not explicitly given by the energy-momentum tensor, we have
to solve a couple of equations for the induced metric and the extrinsic curvature. If the brane action includes the
induced gravity term, which may be expected from quantum effects of matter fields on the brane, we have to replace
the energy-momentum tensor with its generalization just as in Ref. [21].
We have then applied the present formalism to cosmology. Assuming the FRW spacetime for a brane world, we
have re-derived the generalized Friedmann equation. The obtained equation has one integration constant, just as in
the RS II model, which is proportional to mass of a 5-D black hole solution. Hence the cosmological model has only
one unknown parameter. The system is described in a closed form.
Note that the present approach can be applied not only to a brane model with the Gauss-Bonnet term in arbitrary
dimensions but also to that with any Lovelock terms because of their quasi-linearity. Another extension is inclusion
of a dilaton field. In a realistic string theory, we have a dilaton field which couples to the Gauss-Bonnet term as
well. It will change the dynamics of a brane world too. Such extensions are in progress. Analyzing those models, we
hope that some fundamental cosmological problems such as a big-bang singularity or a cosmological constant will be
solved.
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